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Motivation 

§  Large	literature	on	the	relation	between	market	volatility	
and	returns	
§  Campbell	&	Hentschell,	Glosten	(1992),	Jagannathan,	Runkle	
(1993)	

	
§  Time-varying	market	volatility	changes	investment	
opportunity	set	by	
§  Changing	expectations	of	market	returns	
§  Changing	risk-return	trade-off	

§  Market	Volatility	is	a	systematic	risk	factor	
§  Ang,	Hodrick,	Xing,	Zhang	(2006)	
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Market	Volatility	is	Volatile 
§  Market	crashes	seem	to	be	occurring	quite	frequently	

§  1987	-	Black	Monday	
§  1997	–	Asian	financial	crisis	
§  1998	–	Russian	financial	crisis	
§  2000	–	Dot.com	crash	
§  2001	–	9/11	
§  2008	–	Financial	crisis	
§  2010	–	Euro	crisis	
§  2020	–	Covid-19	
	

§  If	market	volatility	is	volatile	
§  Is	Volatility-of-Volatility,	VOV,	a	priced	risk	factor?	
§  Is	VOV	related	to	crashes?	

	



Model 
§  General	equilibrium,	representative	agent	model	with	Epstein-

Zin	preferences.		Discrete	time	exchange	economy.	
§  Extension	of	long-run	risk	model	of	Bansal	and	Yaron	(2004)	and	
variance-of-variance	model	of	Bollerslev,	Tauchen	and	Zhou	(2009)	

𝐶𝑜𝑛𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛 𝑔𝑟𝑜𝑤𝑡ℎ   ​   𝑔↓𝑡+1 = ​𝜇↓𝑔 + ​𝑥↓𝑡 + ​𝜎↓𝑡 ​
𝑧↓𝑔,𝑡+1 	
	

𝐿𝑜𝑛𝑔 𝑟𝑢𝑛 𝑟𝑖𝑠𝑘   ​                      𝑥↓𝑡+1 = ​𝜌↓𝑥 ​𝑥↓𝑡 + ​𝜑↓𝑥 ​𝜎↓𝑡 ​
𝑧↓𝑥,𝑡+1 	
	

𝐸𝑐𝑜𝑛𝑜𝑚𝑖𝑐 𝑢𝑛𝑐𝑒𝑟𝑡𝑎𝑖𝑛𝑡𝑦              ​𝜎↓𝑡+1↑2 = ​𝜇↓𝜎 + ​𝜌↓𝜎 ​𝜎↓𝑡↑2 + ​
𝑞↓𝑡 ​𝑧↓𝜎,𝑡+1 	
	

𝐸𝑐𝑜𝑛𝑜𝑚𝑖𝑐  𝑉𝑎𝑟 𝑜𝑓 𝑉𝑎𝑟       ​𝑞↓𝑡+1↑2 = ​𝜇↓𝑞 + ​𝜌↓𝑞 ​𝑞↓𝑡↑2 
+ ​𝜑↓𝑞 ​𝑧↓𝑞,𝑡+1 	

𝐷𝑖𝑣𝑖𝑑𝑒𝑛𝑑 𝑔𝑟𝑜𝑤𝑡ℎ​                           𝑔↓𝑑,𝑡+1 = ​𝜇↓𝑑 +Φ ​𝑥↓𝑡 + ​𝜑↓𝑑 ​𝜎↓𝑡 ​
𝑧↓𝑑,𝑡+1 	
	

§  Bollerslev,	Tauchen	and	Zhou	(2009)	proxy	for	 ​𝑞↓𝑡↑2 	by	Variance	Risk	
Premium	

§  Use	fundamental	Euler	equation	to	obtain	market	returns,	Volatility,	VOV	
§  Market	prices	of	risk	and	more	timely	



Model	Results 
§  Market	return	is	negatively	correlated	with	market	volatility	and	VOV			

	 	  𝐶𝑉𝑅​𝑉↓𝑚𝑡 = ​𝐶𝑜𝑣↓𝑡 [​𝑟↓𝑚,𝑡+1 , ​𝑉↓𝑚,𝑡+1 ]<0 

𝐶𝑉𝑅​𝑄↓𝑚 = ​𝐶𝑜𝑣↓𝑡 [ ​𝑟↓𝑚,𝑡+1 , ​𝑄↓𝑚,𝑡+1 ]<0




•  Regression	coefficient	of	​𝑟↓𝑚,𝑡+1  on	𝐶𝑉𝑅​𝑉↓𝑚𝑡 	is	negative	
while	that	on	​𝑄↓𝑚𝑡  is	positive	

	 		 ​𝑟↓𝑚,𝑡+1 	− ​𝑟↓𝑓𝑡 =𝛼+ ​𝛽↓𝐶𝑉𝑅𝑉↑𝑝𝑟𝑒𝑑 𝐶𝑉𝑅​
𝑉↓𝑚𝑡 + ​𝜖↓𝑡+1  ; ​𝛽↓𝐶𝑉𝑅𝑉↑𝑝𝑟𝑒𝑑 <0	

	 	 ​𝑟↓𝑚,𝑡+1 	− ​𝑟↓𝑓𝑡 =𝛼+ ​𝛽↓𝑄↑𝑝𝑟𝑒𝑑 ​𝑄↓𝑚𝑡 + ​
𝜖↓𝑡+1  ; ​𝛽↓𝑄↑𝑝𝑟𝑒𝑑 >0	

§  Risk	premium	on	asset	i	
​𝐸↓𝑡 [​𝑟↓𝑖,𝑡+1 ]− ​𝑟↓𝑓𝑡 ≈​λ↓𝑚 ​  𝐶𝑂𝑉↓𝑡 [ ​𝑟↓𝑖,𝑡+1 ,	 ​𝑟↓𝑚,𝑡+1 ]	+	 ​
λ↓𝑉 ​ 𝐶𝑂𝑉↓𝑡 [ ​𝑟↓𝑖,𝑡+1 ,	 ​𝑉↓𝑚,𝑡+1 ]			

	 	 	 ​+ λ↓𝑄 ​ 𝐶𝑂𝑉↓𝑡 [ ​𝑟↓𝑖,𝑡+1 ,	 ​𝑄↓𝑚,𝑡+1 ]	
	

​ 𝐶𝑂𝑉↓𝑡 [ ​𝑟↓𝑖,𝑡+1 ,	 ​𝑉↓𝑚,𝑡+1 ]				and	 ​  𝐶𝑂𝑉↓𝑡 [ ​𝑟↓𝑖,𝑡+1 ,	 ​
𝑄↓𝑚,𝑡+1 ]		vary	with	VOV	
 



Estimation 
§  Recall	​𝐸↓𝑡 [​𝑟↓𝑖,𝑡+1 ]− ​𝑟↓𝑓𝑡 ≈​λ↓𝑚 ​  𝐶𝑂𝑉↓𝑡 [ ​𝑟↓𝑖,𝑡+1 ,	 ​
𝑟↓𝑚,𝑡+1 ]	+	 ​λ↓𝑉 ​ 𝐶𝑂𝑉↓𝑡 [ ​𝑟↓𝑖,𝑡+1 ,	 ​𝑉↓𝑚,𝑡+1 ]		 ​+ λ↓𝑄 ​ 
𝐶𝑂𝑉↓𝑡 [ ​𝑟↓𝑖,𝑡+1 ,	 ​𝑄↓𝑚,𝑡+1 ]	
§  ​𝑟↓𝑚 	proxied	by	VWRETD,	 ​𝑉↓𝑚 	proxied	by	∆VIX	

§  ​𝑄↓𝑚 	estimated	using	five-minute	SPX	data	as	per	the	following	steps	

1.  Intraday	stock	returns	​𝑟↓𝑡+1,𝑗 ≡ ​log�[​​𝑆↓𝑡+𝑗 /​𝑆↓𝑡+𝑗−1  ] , 
𝑗=1,2,…𝑀	(#	of	5-min	intervals)	

2.  Barndoff-Nielsen	and	Shephard	(2004)	show	

	 	𝑅𝑒𝑎𝑙𝑖𝑧𝑒𝑑 𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒  𝑅𝑉(​𝑟↓𝑡+1 )= ∑𝑗=1↑𝑀▒​𝑟↓𝑡+1,𝑗↑2  
→𝑀→∞┴∫𝑡↑𝑡+1▒​𝜎↑2 (𝑠)𝑑𝑠+∑𝑗=1↑​𝑁↓𝑡+1 ▒​𝐽↓𝑡+1,𝑗↑2   	
𝐵𝑖𝑝𝑜𝑤𝑒𝑟 𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒  𝐵𝑉(​𝑟↓𝑡+1 )= ​𝜋/2 ​𝑀/(𝑀−1)  ∑𝑗=2↑𝑀▒​|
𝑟↓𝑡+1,𝑗 | | ​𝑟↓𝑡+1,𝑗−1 | →𝑀→∞┴	∫𝑡↑𝑡+1▒​𝜎↑2 (𝑠)𝑑𝑠 	

3.  Following	Bakshi,	Kapadia,	Madan	(2003),	estimate	intraday	model-free	
annualized	implied	volatilities	using	30-day	out-of-money	SPX	calls	and	puts	

4.  Define	∆​𝑣↓𝑡+1,𝑗 (𝜏)≡ ​365/𝜏 [​𝐼𝑉↓𝑡+𝑗 (𝜏)− ​𝐼𝑉↓𝑡+𝑗−1 
(𝜏)]	

5.  ​𝑉𝑂𝑉↓𝑡+1 (𝜏)=𝐵𝑉(∆​𝑣↓𝑡+1 (𝜏))=	 ​𝜋/2 ​𝑀/(𝑀−1) 
∑𝑗=2↑𝑀▒​|∆𝑣↓𝑡+1,𝑗 (𝜏)| | ​∆𝑣↓𝑡+1,𝑗−1 (𝜏)| 	

6.  ​𝐶𝑉𝑅𝑉↓𝑡+1 (𝜏)=0.25[𝐵𝑉(​𝑟↓𝑡+1 +∆​𝑣↓𝑡+1 (𝜏))−𝐵𝑉(​
𝑟↓𝑡+1 −∆​𝑣↓𝑡+1 (𝜏))]	

7.  ​𝐽𝑂𝑉↓𝑡+1 (𝜏)=[𝑅𝑉(∆​𝑣↓𝑡+1 (𝜏))−𝐵𝑉(∆​𝑣↓𝑡+1 (𝜏))]	

	



Data 
§  Tick-by-tick	quotes	for	SPX	from	CBOE’s	Market	Data	Report	(MDR)	

§  January	1996	–	December	2015	
§  Linearly	interpolate	for	maturity	τ=30	days	
§  Linearly	interpolate	moneyness	levels	

§  OptionMetrics		
§  Daily	data	for	stock	options	and	SPX	
§  Zero	Coupon	interest	rate	curve	and	index	dividend	yield	

§  Daily	and	monthly	returns	from	CRSP	
§  Compustat	for	accounting	variables	
§  Intraday	transactions	data	from	TAQ	

§  ∆​𝑉𝐼𝑋↓𝑡+1 =	 ​𝑉𝐼𝑋↓𝑡+1 -	 ​𝑉𝐼𝑋↓𝑡 	
§  ∆𝑉𝑂𝑉, ∆𝐶𝑉𝑅𝑉, ∆𝑆𝐾𝐸𝑊, 𝑎𝑛𝑑 ∆𝐾𝑈𝑅𝑇 as	residuals	from	

ARMA(1,1)	

	
	



Preliminary	Results 
	 	 ​𝐶𝑉𝑅𝑉↓𝑡 =−0.053−0.452 ​𝑉𝑂𝑉↓𝑡 , ​  𝑅↑2 =0.293, 	 	 	 	 																					

(-2.70)	
​∆𝐶𝑉𝑅𝑉↓𝑡 =−0.000−0.399 ∆​𝑉𝑂𝑉↓𝑡 , ​  𝑅↑2 =0.406, 	

	 	 	 						(−2.54)	
	
	

	 	 ​𝑉𝑅𝑃↓𝑡 =0.174+0.145 ​𝑉𝑂𝑉↓𝑡 , ​  𝑅↑2 =0.069, 		
	 	 	 	(2.53)	
	 	 ​𝑉𝑅𝑃↓𝑡 =0.164−0.277 ​𝐶𝑉𝑅𝑉↓𝑡 , ​  𝑅↑2 =0.146, 	 	 	 																															

(-2.07)	
	




​∆𝐶𝑉𝑅𝑉↓𝑡 =−0.000−0.050 ∆​𝑉𝐼𝑋↓𝑡 , ​  𝑅↑2 =0.039, 	

	 	 	 						(−1.90)	
​∆𝐶𝑉𝑅𝑉↓𝑡 =−0.000−0.845 ∆​𝑉𝑅𝑃↓𝑡 , ​  𝑅↑2 =0.044, 	

	 	 	 						(−1.91)	
​∆𝐶𝑉𝑅𝑉↓𝑡 =0.000−0.389∆​𝑉𝑂𝑉↓𝑡 −0.019∆​𝑉𝐼𝑋↓𝑡 −0.259∆​𝑉𝑅𝑃↓𝑡 , ​  𝑅↑2 =0.424, 	
	 	 								(−2.54)																(-1.51)																(-1.18)	
	
	
	
	
	
	
	

		

	
	



	



Predictive	Regressions 



Asset	Pricing	Tests 
§  Portfolio	formation	

§  Pre-ranking	betas	from	stock-level	time-series	regressions	at	daily	frequency	

	 ​𝑟↓𝑖,𝑡+1 − ​𝑟↓𝑓,𝑡+1 = ​𝛼↓𝑖 + ​𝛽↓𝑖,𝑀𝐾𝑇 ​𝑀𝐾𝑇↓𝑡+1 + ​
𝛽↓𝑖,𝑉𝐼𝑋 ​𝛥𝑉𝐼𝑋↓𝑡+1 + ​𝛽↓𝑖,𝑉𝑂𝑉 ​𝛥𝑉𝑂𝑉↓𝑡+1 + ​
𝜀↓𝑖,𝑡+1 	
§  Independently	sort	into	5x5	portfolios	based	on	​𝛽↓𝑖,𝑉𝐼𝑋 	and	 ​𝛽↓𝑖,𝑉𝑂𝑉 	
§  Form	value-weight	portfolios	and	then	obtain	post-ranking	betas	

§  Conditional	model		

​𝑟↓𝑝,𝑡+1 − ​𝑟↓𝑓,𝑡+1 = ​𝛼↓𝑝 + ​𝛽↓𝑝,𝑀𝐾𝑇,𝑡 ​𝑀𝐾𝑇↓𝑡+1 + ​
𝛽↓𝑝,𝑉𝐼𝑋,𝑡 ​𝛥𝑉𝐼𝑋↓𝑡+1 + ​𝛽↓𝑝,𝑉𝑂𝑉 ​𝛥𝑉𝑂𝑉↓𝑡+1 + ​
𝜀↓𝑝,𝑡+1 

= ​𝛼↓𝑝 +(​𝛽↓𝑝,𝑀𝐾𝑇 + ​𝛽↓𝑝,𝑀𝐾𝑇,𝑉 ​𝑉𝐼𝑋↓𝑡 + ​
𝛽↓𝑝,𝑀𝐾𝑇,𝑄 ​𝑉𝑂𝑉↓𝑡 )​𝑀𝐾𝑇↓𝑡+1 +(​𝛽↓𝑝,𝑉𝐼𝑋 + ​
𝛽↓𝑝,𝑉𝐼𝑋,𝑄 ​𝑉𝑂𝑉↓𝑡 )​𝛥𝑉𝐼𝑋↓𝑡+1 + ​𝛽↓𝑝,𝑉𝑂𝑉 ​
𝛥𝑉𝑂𝑉↓𝑡+1 + ​𝜀↓𝑝,𝑡+1 ,	
	

•  Cross-sectional	asset	pricing	test	

𝔼[​𝑟↓𝑝 ]− ​𝑟↓𝑓 = ​𝜆↓𝑀𝐾𝑇 ​𝛽↓𝑝,𝑀𝐾𝑇 + ​𝜆↓𝑀𝐾𝑇,𝑉 ​
𝛽↓𝑝,𝑀𝐾𝑇,𝑉 + ​𝜆↓𝑀𝐾𝑇,𝑄 ​𝛽↓𝑝,𝑀𝐾𝑇,𝑄 + ​𝜆↓𝑉𝐼𝑋 ​
𝛽↓𝑝,𝑉𝐼𝑋 + ​𝜆↓𝑉𝐼𝑋,𝑄 ​𝛽↓𝑝,𝑉𝐼𝑋,𝑄 + ​𝜆↓𝑉𝑂𝑉 ​𝛽↓𝑝,𝑉𝑂𝑉 	

	
 



Asset	Pricing	Tests 
§  Other	models	

​𝑟↓𝑖,𝑡+1 − ​𝑟↓𝑓,𝑡+1 = ​𝛼↓𝑖 + ​𝛽↓𝑖,𝑀𝐾𝑇 ​𝑀𝐾𝑇↓𝑡+1 + ​
𝛽↓𝑖,𝑉𝐼𝑋 ​𝛥𝑉𝐼𝑋↓𝑡+1 + ​𝛽↓𝑖,𝑆𝐾𝐸𝑊 ​𝛥𝑆𝐾𝐸𝑊↓𝑡+1 + ​
𝛽↓𝑖,𝐾𝑈𝑅𝑇 ​𝛥𝐾𝑈𝑅𝑇↓𝑡+1 + ​𝜀↓𝑖,𝑡+1 

�

​𝑟↓𝑖,𝑡+1 − ​𝑟↓𝑓,𝑡+1 = ​𝛼↓𝑖 + ​𝛽↓𝑖,𝑀𝐾𝑇 ​𝑀𝐾𝑇↓𝑡+1 + ​
𝛽↓𝑖,𝑉𝐼𝑋 ​𝛥𝑉𝐼𝑋↓𝑡+1 + ​𝛽↓𝑖,𝑆𝑇𝑅 ​𝑆𝑇𝑅↓𝑡+1 + ​𝜀↓𝑖,𝑡+1 

�

​𝑟↓𝑖,𝑡+1 − ​𝑟↓𝑓,𝑡+1 = ​𝛼↓𝑖 + ​𝛽↓𝑖,𝑀𝐾𝑇 ​𝑀𝐾𝑇↓𝑡+1 + ​
𝛽↓𝑖,𝑉𝐼𝑋 ​𝛥𝑉𝐼𝑋↓𝑡+1 + ​𝛽↓𝑖,𝑉𝑂𝐿 ​𝑉𝑂𝐿↓𝑡+1 + ​𝜀↓𝑖,𝑡+1 

�

​𝑟↓𝑖,𝑡+1 − ​𝑟↓𝑓,𝑡+1 = ​𝛼↓𝑖 + ​𝛽↓𝑖,𝑀𝐾𝑇 ​𝑀𝐾𝑇↓𝑡+1 + ​
𝛽↓𝑖,𝑉𝐼𝑋 ​𝛥𝑉𝐼𝑋↓𝑡+1 + ​𝛽↓𝑖,𝐽𝑈𝑀𝑃 ​𝐽𝑈𝑀𝑃↓𝑡+1 + ​𝜀↓𝑖,𝑡+1 

�

​𝑟↓𝑖,𝑡+1 − ​𝑟↓𝑓,𝑡+1 = ​𝛼↓𝑖 + ​𝛽↓𝑖,𝑀𝐾𝑇 ​𝑀𝐾𝑇↓𝑡+1 + ​
𝛽↓𝑖,𝑉𝐼𝑋 ​𝛥𝑉𝐼𝑋↓𝑡+1 + ​𝛽↓𝑖,𝑇𝑎𝑖𝑙 ​𝑇𝑎𝑖𝑙↓𝑡+1 + ​𝜀↓𝑖,𝑡+1 	
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Crash	Periods	



Barillas	and	Shanken	



Conclusion 
§  VOV	is	an	important	determinant	of	market	risk	premium	

§  Exacerbates	the	negative	covariance	between	market	return	and	volatility	
§  Predicts	future	market	returns	
§  Adds	to	the	Sharpe	Ratio	of	standard	factors	(FFC4	and	FF5)	

§  VOV	risk	is	priced	in	the	cross-section	
§  Stocks	with	higher	VOV	betas	have	lower	returns	

§  Unconditionally,	VIX	beta	and	market	beta	are	not	priced	
§  Consistent	with	theory,	conditional	component	of	VIX	and	market	beta	is	

priced	

§  During	crashes	
§  Premium	on	VOV	risk	increases	during	crashes	
§  Premium	on	VIX	and	Mkt	have	wrong	sign	during	crashes	
§  During	normal	periods	VIX	and	Mkt	risk	are	priced	


